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SUPER CONNECTIVITY OF LEXICOGRAPHIC PRODUCT
GRAPHS
KHALID KAMYAB, MOHSEN GHASEMI, AND REZVAN VARMAZYAR
Abstract. For a graph G, k(G) denotes its connectivity. A graph is super connected
if every minimum vertex-cut isolates a vertex. Also k1-connectivity of a connected
graph is the minimum number of vertices whose deletion gives a disconnected graph
without isolated vertices. This paper provides bounds for the super connectivity and
k1-connectivity of the lexicographic product of two graphs.
1. Introduction
Let G = (V (G), E(G)) be a simple undirected graph without loops and multiple
edges. We follow Bondy and Murty [3] for terminologies and notations not defined
here.
For x ∈ V (G), the neighborhood of x is NG(x) = {y ∈ V (G) | xy ∈ E(G)} and
dG(x) = |NG(x)|. If dG(x) = 0 then x is called an isolated vertex. We denote the
set of isolated vertices of a graph G by V0(G). The minimum degree of G is δ(G) =
min{dG(x) | x ∈ V (G)}. The complete graph with n vertices is denoted by Kn.
Let S ⊆ V (G). S is called a vertex-cut of G if G−S is disconnected or reduces G to
the trivial graph K1.
The connectivity of the graph G, k(G), is defined as the minimum cardinality |S|
where S is a vertex-cut of G. Clearly, k(G) ≤ δ(G) and k(G) = 0 if and only if G is
disconnected or G = K1.
An interconnection network is often modeled as a graph G = (V (G), E(G)), where
V (G) is the set of processors and E(G) is the set of communication links in the network.
The connectivity is an important measure of the stability of any network and gives the
minimum cost to disrupt the fail at the same time. For more details we refere the reder
to [2].
A vertex-cut S of the graph G is called k1-vertex-cut if G − S contains no isolated
vertices. The k1-connectivity of the graph G, k1(G), is defined as the minimum cardi-
nality |S| where S is a k1-vertex-cut of G. The k1-connectivity of a graph was proposed
in [9]. We write k1(G) =∞ if k1(G) does not exist, for example, k1(K1,n) =∞.
Also, a graph G is super connected if every minimum vertex-cut isolates a vertex of G.
The super connectivity of a graph have received the attention of many researchers(see,
for example, [1], [4], [9- 10], [13- 14]).
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The lexicographic product of two graphsG1 = (V (G1), E(G1)) andG2 = (V (G2), E(G2)),
which is denoted by G1 ◦G2, is the graph with vertex set V (G1)×V (G2) such that two
vertices (x1, y1) and (x2, y2) are adjacent if and only if either x1x2 ∈ E(G1) or x1 = x2
and y1y2 ∈ E(G2). According to [6], the lexicographic product of two graphs first was
defined in [5]. Note that in the sense of isomorphism the lexicographic product does
not satisfies the commutative law. Many graph theoretical properties of lexicographic
product of graphs have been studied in the literature (see, for example [7- 8]).
It is easy to check that G1 ◦ G2 is connected if and only if G1 is connected. The
connectivity of lexicographic product of two graphs has been studied in [13].
This paper is devoted to the k1-connectivity and super connectivity of lexicographic
product graphs. In Section 2 we recall some results and give some propositions of lexi-
cographic product graphs. Also, we gain bounds for the k1-connectivity of lexicographic
product graphs. In particular, we determine
k1(G1 ◦G2) = min{k1(G1)|V (G2)|, k(G1 ◦G2) + |V0(G1 −X)||V0(G2)|}.
where G1 is connected non-complete and minimum is taken over all vertex-cut sets X of
G1 such that |V0(G1−X)| has minimum possible cardinality. Moreover, We investigate
the super connectivity of lexicographic product graphs.
2. Some properties of lexicographic product
Theorem 2.1. ([13]) Let G1 be a connected non-complete graph and G2 be a graph.
Then k(G1 ◦G2) = k(G1)|V (G2)|.
Moreover, if G1 = Kn then k(G1 ◦G2) = (n− 1)|V (G2)|+ k(G2).
Let G1 be a connected non-complete graph with k(G1) = n and a minimum vertex-
cut X = {x1, · · ·, xn}. By the proof of Theorem 2.1, one conclude that if V (G2) =
{y1, · · ·, ym}, then
X¯ = {(x1, y1), · · ·, (x1, ym), (x2, y1), · · · (x2, ym), (xn, y1), · · · , (xn, ym)}
is a minimum vertex-cut in G1 ◦G2. We use these notations for the rest.
Now, we investigate k1-connectivity of G1 ◦G2.
Theorem 2.2. Let G1 be a connected non-complete graph. If k1(G1) = k(G1) then
k1(G1 ◦G2) = k(G1 ◦G2).
Proof. Since k1(G1) = k(G1), there exists a minimum vertex-cut of G1 which is a k1-
vertex-cut of it. Let X be both minimum vertex-cut and k1-vertex-cut of G1. By
Theorem 2.1, X¯ is a minimum vertex-cut of G1 ◦G2. Also, each component of G1−X
has no isolated vertex. So, each component of (G1 ◦ G2) − X¯ has no isolated vertex,
that is, X¯ is a k1-vertex-cut of G1 ◦G2, as needed.

Theorem 2.3. Let G1 be a connected non-complete graph. If k(G1) < k1(G1) < ∞
then
k1(G1 ◦G2) = min{k1(G1)|V (G2)|, k(G1 ◦G2) + |V0(G1 −X)||V0(G2)|}
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where minimum is taken over all vertex-cut sets X of G1 such that |V0(G1 − X)| has
minimum possible cardinality.
Proof. Let V (G1) = {x1, · · ·, xn}, V (G2) = {y1, · · ·, ym} and V0(G2) = {y´1, · · ·, y´t}, where
t ≥ 0. Let X = {x´1, · · ·, x´k} be a minimum vertex-cut of G1 that has the minimum
number of neighbors {α} with NG(α) ⊆ X . Let S = {x`1, · · ·, x`r} be a minimum
k1-vertex-cut of G1. Now if {x˘1, · · ·, x˘f} be such that NG1(x˘i) ⊆ X , then
X˜ = {(x˘1, y´1), ···, (x˘1, y´t), ···, (x˘f , y´1), ···, (x˘f , y´t), (x´1, y1), ···, (x´1, ym), ···, (x´k, y1), ···, (x´k, ym)}
is an k1-vertex-cut in G1 ◦G2. Also
S¯ = {(x`1, y1), · · ·, (x`1, ym), · · ·, (x`r, y1), · · ·, (x`r, ym)}
is an k1-vertex-cut in G1 ◦G2. Hence,
k1(G1 ◦G2) ≤ min{k1(G1)|V (G2)|, k(G1 ◦G2) + |V0(G1 −X)||V0(G2)|}.
We show that k1(G1 ◦G2) = min{k1(G1)|V (G2)|, k(G1 ◦G2) + |V0(G1 −X)||V0(G2)|}.
Now, let A be a k1-vertex-cut in G1◦G2. So (G1◦G2)−A has at least two components,
say, C1 and C2. Let (xi, yj) ∈ C1 and (xp, yq) ∈ C2. We have two cases:
Case 1. Let xi 6= xp. Clearly, xixp 6∈ E(G1). Now, by the proof of Theorem 2.1, there
are at least k(G1) disjoint paths, P1, P2, · · ·, Pk(G1) between xi and xp in G1. So we must
choose at least one vertex xd of each path Pd and put {(xd, yj) | d ∈ Zk(G1), j ∈ Zm} in
A. Let the number of isolated vertices in G1 − {x1, · · ·, xk(G1)} is l. note that l ≥ 0.
Thus the number of isolated vertices in (G1 ◦ G2) − {(xd, yj) | d ∈ Zk(G1), j ∈ Zm}
is l|V0(G2)|. In the remaining graph we put all isolated vertices in A. Hence |A| =
k(G1)|V (G2)|+ l|V0(G2)| ≥ |X˜| .
Case 2. Let xi = xp. So yjyq 6∈ E(G2) and G2 is not totally disconnected. Now
{(xu, yv) | v ∈ Zm} ⊂ A for every xu ∈ NG1(xi). There exist yl, yl´ such that yjyl ∈
E(G2), yqyl´ ∈ E(G2) and ylyl´ 6∈ E(G2). Let there are t ≥ 0 paths between yl and
yl´. There is t´ ≤ t such that {(xi, yz) | z ∈ Zt´} ⊂ A. Hence in this case |A| ≥
δ(G1)|V (G2)|+ |V0(G2)|+ t´ ≥ |X˜|.
Therefore
k1(G1 ◦G2) = min{k1(G1)|V (G2)|, k(G1 ◦G2) + |V0(G1 −X)||V0(G2)|}.

By the proof of above theorem we have the following corollary.
Corollary 2.4. Let G1 be a connected non-complete graph. If k1(G1) =∞ then
k1(G1 ◦G2) = k(G1 ◦G2) + |V0(G1 −X)||V0(G2)|
where minimum is taken over all vertex-cut sets X of G1 such that |V0(G1 − X)| has
minimum possible cardinality. Also, if |V0(G2)| = 0 then k1(G1 ◦G2) = k(G1 ◦G2).
It has been shown that a super connected network is most reliable and has the
smallest vertex failure rate among all the networks with the same connectivity(see, for
example, [11, 12]). In this section we investigate when G1 ◦G2 is super connected.
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Theorem 2.5. Let G1 be a connected non-complete graph.
1) If G2 is connected then G1 ◦G2 is not super connected.
2) If G2 is disconnected and |V0(G2)| = 0 then G1 ◦G2 is not super connected.
3) If G2 is disconnected with |V0(G2)| ≥ 1 and G1 is super connected, then G1 ◦ G2 is
super connected.
Proof. 1) By Corollary 2.4, if X is a minimum vertex-cut of G1 then X¯ is a minimum
k1-vertex-cut of G1◦G2. That is, X¯ can not isolate any vertex of G1◦G2. Hence G1◦G2
is not super connected.
(2) and (3) are hold by the proof of Theorem 2.3. 
The following example shows that in part 3 of Theorem 3.1, if G1 is not super
connected then G1 ◦ G2 is not super connected as well. Consider the following graph
for G1.
•
x1
•
x3
•
x4
•
x2
•
x5
Clearly G1 is not super connected. Let V (G2) = {y1, y2, y3} where y1y2 ∈ E(G2) and
y3 is an isolated vertex. Hence {(x2, y1), (x2, y2), (x2, y3)} is a minimum vertex-cut in
G1 ◦G2 and isolates no vertex.
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